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The Geometry of Length spaces and Calculus of
Variations — Riemann—Finsler Geometry

Keyword : Riemannian manifolds, Finsler

manifolds, theory of geodesics, calculus of
variations, length space, metric space

Finsler Geometry is a generalization of Riemannian
Geometry as Riemannian Geometry without the
quadratic restriction. Indeed, what we call today a
Finsler norm was introduced by B. Riemann in his
famous Habilitation Dissertation from 1854, namely a
metric function that depends on position and direction.
It is determined by a function defined on the tangent
bundle of a manifold which is smooth, positive and
homogeneous of degree 1 in the fiber coordinates.
Riemannian metrics are included here. In the calculus of
variations, there an interesting problem called the
Zermelo navigation problem: , Find the paths of shortest
travel time from an initial point to a destination under
the influence of a wind or a current when we travel by a
boat capable of a certain maximum speed.”

The shortest travel time paths in this case are the
geodesics of a Finsler metric. Notice that the shortest
paths are geodesics of a Riemannian metric only when
there is no wind.

Finsler metrics naturally appear in Geometry, Analysis
as well as in applications as Theory of Relativity,
Thermodynamics, Optics, etc., supporting the idea that
"the world is Finslerian”.

I am interested in the study of the geometry and
topology of Finsler manifolds by using the properties of

geodesics, distance function and the cut locus:
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